Abstract. For every prime integer p, an explicit factorization of the principal ideal pZ K into prime ideals of Z K is given, where K is a quartic number field defined by an irreducible polynomial X 4 + aX + b ∈ Z[X].
Introduction
Let K be a quartic number field defined by an irreducible polynomial P (X) = X 4 +aX +b ∈ Z[X], Z K its ring of integers, △ the discriminant of P , d K its discriminant, α a complex root of P (X) and ind(P ) = [Z K : Z[α]] the index of Z [α] . In this paper, the goal is to give an explicit factorization of pZ K into prime ideals of Z K ; the form pZ K = r i=1 P ei i and for every prime factor P i , an integral element w i such that P i = (p, w i ) are given. Let p be a prime integer. It is well known that if p does not divide ind(P ), then the Dedekind's theorem gives us an explicit factorization of the principal ideal pZ K into prime ideals of Z K : pZ K is p-analogous to the factorization ofP (X) modulo p. (see, for example [3, page 257] ). and for every i, e(P i /p) = e i and f (P i /p) = f i = deg(g i ).
If p is not a common index divisor of K, then there exist an element φ ∈ Z K which generates Z K and v p (ind(π φ ) = 0, where π φ is the minimal polynomial of φ, and then we can apply Dedekind's theorem to obtain the prime ideal decomposition explicitly. However given α, it is not easy to determine such an element φ in general. The construction of φ was based on the p-integral bases of Z K given in [1] . If p is common index divisor of K, then for every prime P factor of pZ K , an element β ∈ Z K such that v P (β) = 1 and for every prime ideal Q = P above p, v Q (β) = 0 will be constructed. A such β ∈ Z K satisfies P = (p, β).
For every prime p, let v p be the p-adic discrete valuation defined in Q p by v p (p) = 1. v p is extended to Q p [X] by v p (A(X)) := M in{v p (a i ) , 0 ≤ i ≤ r}, where
vp (x) , x (mod m) the remainder of the Euclidean division of x by m. For every odd prime p, denote ( − p ) the Legendre symbol. If p does not divide x and there exists t ∈ Z such that t n = x (mod p), then let (
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the φ-adic development of F (X) ( for every i, deg(a i (X)) ≤ deg(φ) − 1). Let p be a prime integer. The φ-Newton polygon of F (x), with respect to p, is the lower convex envelope of the set of points (i, u i ), u i < ∞, in the Euclidian plane, where u i = v p (a i (X)).
•
The φ-Newton polygon is the union of different adjacent sides S 0 , . . . , S g with increasing slope
, is the polygon determined by the sides of negative slope of N φ (F ). For every 0 ≤ i ≤ n, we attach to any abscissa the following residual coefficient c i ∈ F φ :
Let S be one of the sides of N , with slope λ, and let λ = −h/e, with h, e positive coprime integers. Let l = ℓ(S) be the length of the projection of S to the x-axis, d(S) := ℓ(S)/e: the degree of S. Note that S is divided into d(S) segments by the points of integer coordinates that lie on S. Let s be the initial abscissa of S and d the degree of S. If φ is a monic polynomial such thatφ is irreducible factor ofF (X) modulo p, then let F φ :=
Fp[X]
(φ) and
, the residual polynomial of f (X) attached to S.
In the remainder, F (X) is a monic irreducible polynomial, θ is a complex root of F (X) and φ is a monic polynomial such thatφ is irreducible factor ofF (X) modulo p. Let N = S k +..+S 1 +S 0 be the Xφ-Newton polygon of F (X) with respective slopes λ k < .. < λ 1 < λ 0 . F (X) is said to be φ-regular if for every i, F Si (Y ) is square free.
Main results
In this section, for every prime integer p, an explicit factorization of the principal ideal pZ K into prime ideals of Z K is given (Note only the form is given, but two element generators of each prime ideal factor are given). Recall the celebrated Theorem of Hensel:
be a monic irreducible polynomial, p a prime integer, Q p the p-adic completion of Q and Z p its ring of integers. Let P (X) = F 1 (X) · · · F t (X) be the factorization into a product of monic irreducible polynomials in Q p [X] and consider the local fields
(φ(X)) . Let λ = −h/e be the slope of S such that h and e are positive coprime integers. Define α S := φ(α) e /p h . Then v p (α S ) = 0 and P S (α S ) = 0.
Proof. Let P (X) = l k=0 a k (X)φ(X) k be the φ-adic development of P (X). Since N φ (P ) is one side of slope −λ, we have for every i, v(a i (X)) ≥ (i − l)λ and v(a 0 (X)) = −lλ. Thus, v p (φ(α)) = −λ. Moreover, since for every 0 ≤ j ≤ d and for every je < k < (j + 1)e, red a k (X) p u k = 0 and
ns be the factorization of
(φ(X)) . Proof. By Hensel Theorem, it suffices to factorize P (X) into irreducible polynomials of Q[X]. By Hensel Lemma, it suffices to show this result for r = 1. By Theorem of the polygon we can assume that N 1 = S is one side. Since P S (Y ) is square free, by Theorem of the residual polynomial, we can assume that
, where e(p) =
h be the slope of S such e and h are positive coprime. Let
On the other hand, since N 1 = S is one side of slope λ, we have Theorem 2.4. Let p be a prime integer. In the following tables, the form of pZ K as a product of prime ideals of Z K , and for every prime factor P of pZ K an integral element φ of K such that P = (p, φ) are given:
T ableB : vp(b) ≥ 1 and vp(a) = 0
Let s ∈ Z such that as = −4b3 (mod 3 v 3 (△)+1 ), and let θ = α − s, A = 4s 3 + a and B = s 4 + as + b.
T ableD : vp(ab) = 0
For p ≥ 5, let s ∈ Z such that 3as + 4b = 0 (mod p vp(△) ), and let θ = α − s.
If (b = 7 (mod 8), a = 0 (mod 8) and 1 + b + a = 0 (mod 16)) or b = 3 (mod 8) and a = 4 (mod 8), then let s ∈ Z such that P (X) is (X + s)-regular, and let A = 4s + a, B = s 4 + as + b and θ = α − s.
Let s ∈ Z such that 3as + 4b = 0 (mod p vp(△)+1 ), θ = α − s, B = s 4 + as + b and A = 4s 3 + a.
Conditions
Proof of Theorem. All cases, except (p = 2, v p (b) = 2 and v p (a) ≥ 2), correspond to a situation where P (X) is p-regular. The case : p = 2, v p (b) = 2 and v p (a) ≥ 2 is handled in T ableA8 by using technics of Newton polygons of second order. Denote C(X) the minimal polynomial of a possible φ such that
(1) v p (a) ≥ 3 and v p (b) = 3. ThenP (X) = X 4 (mod p) and the X-Newton polygon of P (X) is one side of slope 3/4. Thus, ,
t) (mod p). In the last case, (r = 0 (mod p), s = −t (mod p) and s 2 = −b (mod p)) or (r = 0 (mod p), s = t (mod p), 2s = r 2 (mod p) and s 2 = b (mod p)); i.e., P (X) = (X 2 + s)(X 2 − s) (mod p), where 
2 )(θ+2 r−1 t) 2 r and β 1 = 2 (Y − t)(Y + t), where t is a root of F S2 (Y ) in F 3 . Thus, pZ K = P 1 P 2 P 3 , where P 1 , P 2 and P 3 are respectively attached to S 1 , Y + t and Y − t. Let β 2 = (θ 2 +4sθ+6s 2 )(θ+p r t) p r + θ and
